The average annual water balance of savanna vegetation systems is modeled as an interactive competition between trees and grass for water and energy. Ecological optimality hypotheses are introduced which allow specification of the woodland canopy density, the grass canopy density, and the plant (water use) coefficients of both tree and grass under conditions of natural equilibrium. Only one tree-grass equilibrium state is found and is shown to agree well with the observed state of savanna in Sudan and the Transvaal. This state is stable with respect to perturbations of vegetation canopy density, but is metastable with respect to shifts in climate. Two other equilibrium states exist as vegetation monocultures, i.e., grassland and forest, but both are shown to be unstable with respect to perturbations of vegetation density. If these equilibria can be expressed in terms of the state variables and fluxes of the soil and atmosphere and can be kept computationally simple, the knowledge will have direct utility in solving the GCM boundary condition problem.
INTRODUCTION
It is generally agreed that the key to understanding largescale environmental impacts, such as those associated with increasing atmospheric concentrations of carbon dioxide, lies with global-scale numerical models (GCMs) of the coupled ocean-atmosphere dynamics and thermodynamics along with their interactive surface boundary conditions. It has been observed recently [Shuttleworth, 1983] , however, that further progress in formulating the interaction of landsurface and atmosphere in GCMs requires establishing a quantitative basis for describing the transitions between adjacent vegetation types.
Early attempts by biogeographers to put order in their observations of nature were perforce empirical and hence focused upon those features common to different observations. Where earth's natural plant cover was concerned, this empiricism took the form of simple correlations of vegetation type with climatic variables such as average air temperature and precipitation [e.g., K6ppen, 1900; Holdridge, 1947] . As physical understanding of vegetative water use grew, these same correlations were recast by climatologists [e.g., Grigor'yev, 1958; Mather and Yoshioka, 1968] in terms of water and heat balance parameters.
Increasing knowledge of vegetation biophysics and biochemistry together with the power of computer-based modeling has (as in other fields) spawned contemporary interest in the dynamic aspects of system behavior. This and current appreciation for the role that may be played by nonvegetative ecosystem components such as fire, herbivore, and humans has focused attention on the complexities and differences in system behavior at the expense of continued search for the physical basis of their simple commonalities. Perhaps at mesoscale (say, 10 '• km2), spatially, and at climatic scale (say, 30-50 years), temporally, the pests, predators, and disasters may be viewed as merely perturbations to what is a fundamentally resilient climate-soil-vegetation system. This simplistic view admits expression of "first-order" physical equilibria among the three components. Such approximations of reality would fill an empty niche in the hierarchy of climate models. If these equilibria can be expressed in terms of the state variables and fluxes of the soil and atmosphere and can be kept computationally simple, the knowledge will have direct utility in solving the GCM boundary condition problem.
We begin this attempt here with a model of the tree-grass savanna vegetation system.
BACKGROUND

Savanna Etiology
The term "savanna" has a wide range of meanings among biogeographers, sometimes referring to flat and open landscapes, and other times referring to the vegetation that characterizes that landscape [Sarmiento, 1984] . We use it here in the sense of Dansereau [1957] to describe a mixed formation of grasses and woody plants in any geographical area. As such, it comprises one of the four groups (along with forest, grassland, and desert) into which he classifies all vegetation types. For later modeling purposes it is well to keep in mind the idealized description of the savanna given by Walter [1973] :"... ecologically homogeneous grasslands upon which woody plants are more or less evenly distributed." This "even distribution" of the woody plants is indicative of control by moisture availability and is a key to the conceptualization used here.
The coexistence, in the same region, of these two very different plant types has been attributed variously to edaphic (i.e., soil), anthropogenic, and climatologic factors. For example, Beard [1953] , in an extensive survey of American savannas, summarized the various theories regarding savanna formation. He concluded that "Savanna is the natural vegetation of the highly mature soils of senile landforms (or, in some cases, of very young soils on juvenile sites) which are subject to unfavorable drainage conditions and have intermittent perched water tables with alternating periods of waterlogging (with stagnant water) and dessication. Frequent fires occur but are not a necessity for the maintenance of the savanna which is an edaphic climax." Monasterio and Sarmiento [1975] also studied savannas in tropical America. They found savannas over a wide range of soil conditions and proposed a classification scheme based upon the seasonality of the climate. They, too, concluded that fire and other human influences are modifiers rather than producers of savannas. Hopkins [1979] presents a physiognomic classification of West African savannas based upon tree density. He found the local preference for a particular type to be determined by either edaphic or biotic factors, although on a large scale the transition from forest to grass (the two savanna extremes) appears to follow a gradient of decreased humidity.
Many more recent studies have begun to reach a consensus that there is continuum of savanna types, from the dry savannas on semidesert fringes to moist woodlands, with soil moisture availability the controlling variable as modified by rainfall, soil properties, and geomorphology. For example, Tinley [1982] , in his study of southern African savannas, concluded that the soil moisture balance is the "overwhelming important factor determining the spatial distribution of forest, savanna, and grassland." In the face of his observations of soil moisture balance as the controlling factor, Tinley totally refutes the notion that the savannas of Africa are anthropogenic systems.
It thus appears that we can speak of a natural savanna ecosystem as differentiated from an anthropogenic savanna. The natural savanna appears to be the biotic response to alternating wet and dry seasons; the amount of soil moisture available controls the densities of the woodland and the grass.
Savanna Equilibrium Models
Most existing models of savannas have taken the ecosystem approach that simulates the dynamics of biomass production and the mass flow rates between its live, standing-dead, and litter components [e.g., Grunow et al., 1980] . Such models are primarily diagnostic rather than prognostic, however, and require the field determination of numerous rate coefficients.
Recently, some simulation models have appeared which attempt to address the issue of the stability of savannas in terms of moisture control. The attempts have focused on the determination of the equilibrium states in terms of the quantity of moisture-dependent woody and grass biomass components. Outstanding among these is the model of Walker and NoyMeir [1982] ; their idea is that grass roots confined to the upper soil layer will draw water from this layer only and will exhaust the supply quickly due to their high rate of transpiration. Trees will be out competed in the top layer, but they alone have access to the lower soil layers where moisture is available to carry them through the dry season. The authors sought to test some hypotheses regarding the structure and dynamics of a savanna. Among other things they demonstrated the existence of dual equilibrium states in systems where the soil infiltration capacity declined with reduced grass cover. One state is a tree-grass mixture and the other is a thicket with virtually no grass.
In a second study using this same model, Walker et al. [1981] introduced grazers to reduce the grass cover and explored the stability of the resulting dual equilibria.
The major shortcoming of this simulation approach is the amount of detailed information required. Several of the parameters obviously pose estimation difficulties. Among these are the water uptake coefficients, which include the proportioning of water uptake by trees among four soil compartments, rainfall penetration by stemflow, and the amount of water flow through so-called "quick flow channels," the existence and influence of the latter being still a matter of some speculation. Such detailed information on savannas is not available.
In the interest of utility, and we hope, of generating insight, we reformulated the Walker and Noy-Meir [1982] water balance model in a much simplified form and have introduced competition for energy as well as water.
• THEORETICAL DEVELOPMENT
Model Formulation
The average annual savanna water balance will be modeled as illustrated in Figure 1 . We assume that the trees, grass, and bare soil actually are distributed over the area in homogeneous fashion, but in this schematic diagram they are lumped This is often called the "projective foliage cover" or the "canopy density." Sarmiento [1984] has noted "... in savannas the balance between pluvial inputs and evapotranspiration losses is so tight, that only in exceptionally wet years is there an excess of water that is lost through surface runoff or through deep infiltration." We therefore make the simplifying assumption of no runoff and we will examine the effect of this assumption later.
Savanna typically occurs in climates having marked seasonality of the moisture supply [Walter, 1973, p. 68 ]. We will express this in our model primarily through a wet season of mean length m, during which the entire annual precipitation PA falls, and the dry remainder of the year, 1 -m,.
The grassland-woodland competition for water is expressed through two conditions: (1) the trees having access only to that water which is unused in the root zone of the grass and which percolates to the level of the tree roots and (2) the trees shielding the grass from solar radiation and from turbulent heat and moisture exchange, and hence exerting some control over the ability of the grass to use water.
For the first of these competition conditions we assume the trees do not draw moisture from the root zone of the grass (i.e., "upper" soil layer). Because of the zero runoff assumption they must use all of the water percolated from the upper layer and to emphasize this their root system is shown in Figure 1 as extending beneath the entire surface. Of course, the real mechanism for getting all the percolated water to the tree roots may involve a high water table and lateral movement of moisture in the capillary fringe. 
The actual annual evapotranspiration rate e r is expressed as a fraction of the potential for each surface type. For the grass we define a plant coefficient kvg such that er,, = k,.,,,e.,,,,
It is characteristic of grasses that they transpire at their maximum rate (without stomatal control) until the s0il moisture is exhausted [Walter, 1973, For simplicity we will work with the asymptotes of (6) which are given by Eagleson [1978a] 
Equations ( • dynamic viscosity of pore water, poise; 7 specific weight of pore water, dyn cm-3.
We will now write the annual tree-grass water balance in two parts, one for each of the two limiting bare soil functions of (8) 
G=I-Mw(1--•) M•=I (21)
and we see that G will equal 1, regardless of Mw, if K --1, G will be less than 1 if K > 1, and G will be greater than 1 if K<I.
Unfortunately, R and S are not so simply characterized. The numerator J0 of R is the annual potential (i.e., So --1) evaporation from a unit of bare soil surface. We will call J0 the soil "evaporativity." The denominator of R is the annual transpiration from a unit area of grassland (i.e., Mw--0 and hence ep• = epw), and we will call it the "grassland transpirativity."
The ratio R is a measure of the relative potential water use of these two surface components. 
Stability
We begin by considering perturbations to the equilibrium vegetation under the assumption that these cause no change in the parameters of the climate and/or soil. To examine the stability of the three equilibria identified above we write the Returning to (47), if we can assume that the absolute value of the first term on the right-hand side exceeds that Of the second term on the right-hand side, then dMddt carries the sign of dso/dt. We will make this assumption. Should we be at the M,• = 1, Mg = 0 equilibrium and decrease M,• somehow, a grass cover will then grow, and So will decline. Should we be at the M,• = 0, Mg = 1 equilibrium and decrease M•, we will then get a rise in So which will produce the percolation needed to begin a woodland component. This reasoning indicates the tree-grass equilibrium of (43) and (44) to be stable to perturbations in either vegetal component such as might occur by fire, pest, herbivore, or humans, provided that the perturbation does not bring aboui a change in the parameters of the system. For example, we might expect the tree-grass equilibrium to return to its former value of M,• following tree removal, provided the deforestation did not lead to changes in the soil properties and hence in X. Although the tree-grass equilibrium value of M,• is independent of Ma and hence is stable to grazing and burning of the grass component, it is known [e.g., Walter, 1973, p. 71 ] that this often leads to natural replacement of the grass by thorny, woody shrub that is resistant to these insults.
We also conclude that under these savanna conditions (G = K = 1) the forest state (and the grassland state as well) is in unstable equilibrium. In this regard it is worth noting that slash and burn agriculture has converted some 40% of African equatorial forests to savanna [Phillips, 1974] .
The savannh system, however, is metastable regarding climate change. EqUations (34) At this point Ma !s discontinuous, since there, due to (1), Mg must drop to zero. The point to be noted is that as So increases under nonoptimal G > 1, the equilibrium tree density is driven to unity and the equilibi'ium grass density to zero.
For G < 1 we see that Ma decreases with increasing So. At Ma = 0, So reaches its maximum value which is less than that for optimum G = 1; the associated equilibrium M,• is less than its optimum also.
Therefore if we accept the ecological optimality criteria of (25) and (26) as the operative ones in determining tree-grass equilibria, climates with G > or < 1 cannot have stable treegrass savannas. For G > 1 pressure to develop toward increasing So will lead eventually to closed forest while for G < 1 this pressure will lead to low density trees and an absence of grass. It is worth noting that this latter.state corresponds to the second equilibrium reported by Walker and Noy-Meir [1982] .
The flatness of the driving gradient OSo/OMa in the small M,• range of most savannas indicates, however, that there is ample opportunity for other stress-producing factors (such as nutrition, pests, fire, etc. that have been neglected in this waterbased analysis) to play a stabilizing role.
In Figure 4 we see how very sensitive the vegetation density is to small changes in the average soil moisture concentration.
With these behaviors in mind we conclude that the treegrass savanna equilibrium is metastable to changing dimate. It is interesting to note that paleoclimatic studies of ice cores [Dansgaard, 1981] have shown very rapid shifts between forest and grassland during glacial time.
Finally, we should note that the opening assumption of this section (that climate remains constant in the face of changes in vegetal cover) may not always hold. Climate change can result from vegetation loss in a moist convective climate where much precipitation is derived from locally evaporated water provided that the removal of vegetation leads to a sustained increase in runoff and hence to a sustained reduction of local evaporation. Increased potential evaporation can also follow vegetation removal due to the increase in air temperature accompanying a higher surface albedo. Both of these changes would be naturally reversible due to regrowth of the cover unless the denudation caused permanent structural and/or chemical changes in the surface soil that inhibited the process.
Effect of Runoff
Our solution has been unduly restrictive in that it has for convenience assumed zero runoff. In the savanna-covered catchments tributary to the Bahr el Ghazal swamps in Sudan, for example, the long-term average annual yield is on the order of one tenth the long-term annual precipitation ]Chart and Eagleson, 1980 ]. We will not derive an "exact" solution for this case but will instead look at the qualitative effect of allowing first surface and then groundwater runoff.
Suppose we allow only surface runoff and assume it to be a small fraction v of the annual precipitation. Our governing equations will be the same as before if we substitute G' for G everywhere. By definition
The optimum solution now gives G'= 1 and we see that G' = 1/(1 -v), which is slightly larger than one. Let us now allow only groundwater runoff. If the groundwater flow is positive (i.e., an outflow), it will have no effect upon the soil moisture but will lead to a smaller M,•. If the groundwater flow is negative (i.e., an inflow), such as might occur in low-lying, high water table lands, both M,• and s o will be higher which corresponds to
and to an optimum G = 1/(1 + v), which is slightly smaller than one.
/
This crude argument demonstrates that the optimum savanna conditions may vary somewhat either way from G = 1. However, the small runoff percentage in most savanna climates should make the zero runoff solution a good approximation of reality. We will now test this solution against available observations. For climate data we must go to other sources. Rutherford [1979] defines the mean annual precipitation to be 630 mm coming mainly in the mid-October through March rainy season. The mean annual temperature is 18.6øC. Pitman [1976] describes the rainstorms at Pretoria as having durations normally less than 24 hours. In 9 years of record there were 525 rainy days. By using this as the number of storms, and neglecting their duration, we can estimate the mean time between storms as mtb = 2.93 days. Table 2 . The parameters of Table 1 The denominator of (52) is the geometrical average transpirativity; thus 2X is the ratio of potentials for return of moisture to the atmosphere, i.e., through the soil as opposed to through the vegetation. M• is thus inversely related to X.
OBSERVATIONS
Although the estimated values of G for the two observed savannas are both less than the theoretical value of unity for stable equilibrium, the decrement is well within the error of estimate, and the agreement of the plotted points with the theory of (44) in Figure 7 is remarkable.
It is important to gather data for other savannas to see if this agreement is sustained over a wider range of conditions. Should (44) withstand further testing, its relationship of observable M• to "hidden" k(1) will provide a useful addition to the arsenal of techniques for parameterizing the hydraulic properties of soils over large areas.
Plant Coefficients
Instead of assuming kv, --1, as we did to explore the natural range of G for a wide range of climates in Table 1 , we will now estimate the actual plant coefficients for the three identified savannas using (37) and (38). The results are presented in Table 3 with the relative water use rates of these two vegetation types [Larcher, 1975] .
SUMMARY AND CONCLUSIONS
The tree-grass savanna has been modeled in its equilibrium state as a competition for water and solar energy. The grass allows the trees only that water which the grass cannot use, and the trees control the grass's ability to use this water by shielding the grass from solar radiation.
When it is assumed that the grass seeks (through its canopy density) to minimize water demand stress, the necessary conditions for existence of equilibrium savannas are G--K--1. There are three such equilibria: closed forest, grassland, and a tree-grass mixture. Only the last of these is stable to perturbations in the vegetation components but it is metastable with respect to climate change.
To assure that the tree roots have access to all the percolated water it appears necessary that the water table be "high enough." Soil moisture variability below the grass root zone likely governs the deciduous versus evergreen nature of the woody component with low water table tending to produce an ever- 
